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(a) f:R — R defined by

1 if =0,
f(x):{o it 2 £0.

y=f(x)
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_3 —92 —1. 0 1 2
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(b) f:R — R defined by
1 if x>0,
f(z) = 0 if =0,
-1 if z<O.
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(¢) f:R\{1} — R defined by f(z) = T
z—

A
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) f:[-1,1] — [fg,g] defined by f(z) = sin~ z.



(e) f:[-1,1] — [0, 7] defined by f(x) = cos™! x.
A

nn+1)(n+2)

2. Provethat 1 x2+2x34+3x4+---+nx(n+1)= for all natural numbers n.

nn+1)(n+ 2)”.

Proof. Let P(n) be the statement that "1 x2+2x3+3x44---+nx (n+1) = 3

H2)B)
3

¢ Whenn=1,LHS. =1x2=2and RHS = = 2. Therefore, P(1) is true.

e Suppose P(n) is true for some natural number n, i.e.

1 2
1><2+2><3+3><4+~-~+n><(n+1):n(n%)(n+).



Then,

1x242x34+3x4+--+nx(n+1)+(n+1)x(n+2)

= w—l—(n—kl)x(n—&—m

3
_ nn+1)(n+2) +3(n—|—1)(n+2)
B 3 3

(n+1)(n+2)(n+3)
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Therefore, P(n + 1) is true.

By mathematical induction, P(n) is true for all natural numbers n. O
. Prove that 8" — 3™ is divisible by 5 for all natural numbers n.

Proof. Let P(n) be the statement that ”8™ — 3™ is divisible by 5”.

e When n = 1, 8% — 3! =5 which is divisible by 5. Therefore, P(1) is true.
e Suppose P(n) is true for some natural number n, i.e. 8" — 3" = 5M for some integer M.

Then,

87L+1 _ 3n+1

= 8x3"-3x3"

= 8x (8 —-3")+5x3"
= 8x (bM)+5x3"

= 5x(8M +3")

where 8M + 3" is an integer. Therefore, 8”1 — 371 is divisible by 5 and P(n + 1) is true.

By mathematical induction, P(n) is true for all natural numbers n. O

. A sequence {a, } is defined by

a1 =3 and an41 = Va, +5 forn > 1.

Show that a,, > a,+1 for all natural numbers n.

Proof. Let P(n) be the statement that "a, > an41”.

e When n =1, as = v/a; + 5 = v/8 < V9 =3 = a;. Therefore, P(1) is true.

e Suppose P(n) is true for some natural number n, i.e. a, > any1.

Then,
(N P |
an + ) Z Ap+41 +95
Van+5 Z \/an+1+5
anJrl Z an+2

Therefore, P(n + 1) is true.



By mathematical induction, P(n) is true for all natural numbers n.

5. A sequence {ay} is defined by

6(a2 + 1)
az 4+ 11

n

a; =4 and apqq = forn > 1.

(a) Show that a,, > 3 for all natural numbers n.

Proof. Let P(n) be the statement that "a, > 3”.

e When n =1, a; =4 > 3. Therefore, P(1) is true.

e Suppose P(n) is true for some natural number n, i.e. a, > 3.
Then,

241
1 =3 = 665?:11) -3
3a2 — 27
a? +11
3(an —3)(an +3)
a? +11

> 0

Therefore, P(n + 1) is true.

By mathematical induction, P(n) is true for all natural numbers n.
(b) Show that a,, > a,41 for all natural numbers n.

Proof. Let P(n) be the statement that "a, > a,y1”.

6(a? +1 6(42+1 34
e Whenn =1, ap = c(zgl—i—_'—ll) = iQ ++11) =9 < 4 = a;. Therefore, P(1) is true.

e Suppose P(n) is true for some natural number n, i.e. a, > apy1.
Then,

o bl +1)
wtl ~n = aZ +11 an
—a 4+ 6a2 — 1la,, + 6
a? +11
—(an — 1)(an — 2)(an — 3)
a2 +11
< 0 (. an >3)

Therefore, P(n + 1) is true.

By mathematical induction, P(n) is true for all natural numbers n.



cos20° - cos40° - cos80° = —(cos60° + cos20°) cos 80°

2

z

O N =N =N =N =

sin(A+ B) =

sin Acos B+ cosAsin B =
2sinAcos B =

tanA =

1
= —(= cos80° + cos 20° cos 80°)

1 1
(5 cos 80° + i(COS 100° + cos 60°

1 1
cos 80° + 3 cos 100° + Z)

3sin(4 — B)

3(sin A cos B — cos A sin B)
4cos Asin B

2tan B

cos(A+ B) +cos(A—B)  2cosAcosB
sin(A — B) —sin(A + B) ) cos Asin(—B)
= —cotB
(a)
sinbA _ cos 54 sin5Acos A —sin Acos5A
sin A cosA sin Acos A
_ sin(5A — A)
- 1sin24
_ 2s?n 4A
sin 24
B 2sin2A cos2A
sin 24
= 4cos2A
(b) Note that 0° < A < 180°, so 0° < 24 < 360°.
sinbA  cosbA _
sin A cosA
4cos24A = 2
1
24 = =
cos 5
2A = 60° or 300°
A = 30°or 150°

)



10. (a)

sin3A =

sin(24 + A)

sin2Acos A + cos2Asin A

2sin A cos? A + cos 2A sin A

2sin A(1 —sin® A) + (1 — 2sin® A)sin A
3sin A — 4sin® A

cos(2A + A)

cos2Acos A —sin2Asin A

(2cos? A — 1) cos A — 2cos Asin® A
(2cos? A — 1) cos A — 2cos A(1 — cos® A)
4cos® A —3cos A

tan3A = tan(24+ A)

11. Note C' = 180° — A — B, prove that
(a)

sin 24 4 sin 2B + sin 2C'

tan2A +tan A
1 —tan2Atan A

(1322?154,4) + tan A

1— (ﬁiiﬁ;&)tanA

(Z’;tanAftan3 A)
1—tanZ A
(1—3 tan2 A)
1—tan2 A
3tan A —tan® A

1—3tan% A

= sin2A +sin2B + sin(360° — 2A — 2B)

= sin2A4 +sin2B —sin(2A + 2B)

= sin2A +sin2B —sin2A cos2B — cos2Asin 2B
= sin2A(1 — cos2B) + sin 2B(1 — cos 24)

= 2sin Acos A(2sin® B) + 2sin B cos B(2sin? A)
= 4sin Asin B(cos Asin B + cos Bsin A)

= 4sin Asin Bsin(A + B)

= 4sin Asin Bsin(180° — A — B)

= 4sinAsin BsinC



tanA +tan B +tanC =

cot Acot B + cot Bcot C + cot C' cot A

tan A 4+ tan B + tan(180° — A — B)

tan A + tan B — tan(A + B)
tan A + tan B
1—tan Atan B
—tan? Atan B — tan Atan® B

1 —tan Atan B
—(tan A + tan B)
1—tan Atan B
tan A tan B(—tan(A + B))

tan A tan B tan(180° — A — B)

tan A + tan B —

tan A tan B

tan Atan BtanC
1 1 1
= + +
tanAtan B tanBtanC tanCtan 4
~ tanA+tan B+ tanC
o tan Atan Btan C
= 1 (by(b)



